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Abstract

A density model with possible non-identically distributed random variables is consid-
ered. We aim to estimate a common function appearing in the densities. We construct a
new linear wavelet estimator and study its performance for independent and dependent
data (the p-mixing case is explored). Then, in the independent case, we develop a new
adaptive hard thresholding wavelet estimator and prove that it attains a sharp rate of
convergence.
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1. INTRODUCTION

We consider the following density model. Let (X;);cz be a random process such that, for
any ¢ € Z, the density of X; is

gi(x) = wi(z) f(x), xR, (1)

where (w;(z));ez is a known sequence of positive functions and f is an unknown positive
function. Let L > 0 and X;(2) = {z € R; g;(x) # 0}. We suppose that X;(2) does not
depend on i, X;(2) C [-L, L], there exists a constant C, > 0 such that

sup f(z) < C, (2)
zeR
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and there exists a sequence of real positive numbers (v;);cz (which can depend on n) such
that

peify wilz) Z v (3)

The goal is to estimate f globally when only n random variables X,..., X, of (X;)iez
are observed. Such an estimation problem has been recently investigated by Aubin and
Leoni-Aubin (2008a,b). It can be viewed as a generalization of the standard biased density
model; see e.g., Patil and Rao (1977), El Barmi and Simonoff (2000), Brunel et al. (2009)
and Ramirez and Vidakovic (2010).

In this article, we investigate the estimation of f via the powerful tool of the wavelet
analysis. Wavelets are attractive for nonparametric density estimation because of their
spatial adaptivity, computational efficiency and asymptotic optimality properties. They
enjoy excellent mean integrated squared error (MISE) properties and can achieve fast rates
of convergence over a wide range of function classes (including spatially inhomogeneous
function). Details on wavelet analysis in nonparametric function estimation can be found
in Antoniadis (1997) and Hérdle et al. (1998).

In the first part of this study, we develop a new linear wavelet estimator. We determine a
sharp upper bound for the associated MISE for independent (X;);cz. Then, we extend this
result for possible dependent (X;);cz following the p-mixing case. In particular, we prove
the upper bound obtained in the independent case is not deteriorated by our dependence
condition as soon as the p-mixing coefficients (pm,)men= of (X;)iez (defined in Section 3)
satisfy > " 4 pm < C, where C' > 0 denotes a constant independent of n. The second
part of the study is devoted to the adaptive estimation of f for independent (X;);cz. We
construct a new hard thresholding wavelet estimator and prove that it attains a sharp
upper bound, close to the one attained by the corresponding linear wavelet estimator. Let
us mention that our results are proved under very mild assumptions on wy(z), ..., w,(x).

Section 2 presents wavelets and the Besov balls. The linear wavelet estimation is devel-
oped in Section 3. Section 4 is devoted to our hard thresholding wavelet estimator. The
proofs are postponed to Section 5.

2. WAVELETS AND BEsov BALLS

Let L > 0, N be a positive integer, and ¢ and 1 be the Daubechies wavelets db2N (which
satisfy supp(¢) = supp(¢) = [1 — N, N]). Set

din(z) = 2129(22 — k), Pip(z) = 2292 — k),
and
ANj={k€Z; 1-N<22-k<N,ze€[-LL}={k€Z; -L2+N-1<k<L2-N}
Then, there exists an integer 7 such that, for any integer £ > 7, the collection
B={duk(.), k€ Ap; ¥jr(); 5EN-{0,....0—1}, k€ A;}

is an orthonormal basis of L?([~L, L]) = {h : [-L, L] — R; f_LL h%(z)dz < oco}. For more
details about wavelet basis, see Meyer (1992) and Cohen et al. (1993).
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For any integer ¢ > 7, any h € L?([—L, L]) can be expanded on B as
=Y upder(a +22ﬂ3k%k
ke, =t keA,

where «a;, and 3 are the wavelet coefficients of h defined by

L L
Qi = / . h(x)pjp(z)de,  Bir= / . h(z); g (x)dz. (4)

Let M >0,s>0,p>1,r>1and LP([-L,L]) ={h: [-L,L] — R; f z)[Pdr < oo}.
Set, for every measurable function h on [—L, L] and € > 0, A (h)( ) = h(ac +¢€) — h(x),
A2(h)(x) = Ac(Ach)(z) and identically, for N € N*, Aév(h)(a?) Let

oVt hp) = sup ( / LL AN <h><u>|Pdu> "

e€[—t,t]

Then, for s € (0, N), we define the Besov ball B, (M) by

BS, (M) = {h e /(L. 1) [/L (’W) 4 " M}.

We have the following equivalence: h € By, (M) if and only if there exists a constant
M* > 0 (depending on M) such that the associated wavelet coefficients give in Equation
(4) satisfy

1/p . /p] Ty VT
or(1/2-1/p) Z s P + Z 97 (s+1/2—1/p) Z |8, k|P < M*. (5)
kEA, j=T keA,;

In Equation (5), s is a smoothness parameter and p and r are norm parameters. The Besov
balls capture a wide variety of smoothness features in a function; see e.g., Meyer (1992).

3. LINEAR WAVELET ESTIMATION

For any integer j > 7 and k € Aj, we can estimate the unknown wavelet coefficient

aj = f_LL f(x)¢;r(x)dx by a standard empirical one given by

However, in this study, we consider

Qjk Z; %}Zk X)) znzzn;vi. (7)

Our choice is motivated by the following upper bound results.
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PROPOSITION 3.1 Suppose that (X;);ez are independent. For any integer j > 7 and
ke Aj, let ;i = f_LL f(x)¢jk(x)dz, @5 ) be as in Equation (6) and @ be as in Equation
(7). Then, @}, and & are unbiased estimators of o), and there exists a constant C' > 0
such that

~ 1
E [( Ozj k < Cn2 Z E [(OéjJC — OéjJC)Q] S C*

Zn

These bounds are as sharp as possible and we have 1/z, < (1/n?) 31, 1/v;.

We define the linear wavelet estimator ﬁin by

fhn Z ajo,k(lsju, (8)

ke,

where @, 1, is defined by Equation (7) and jg is an integer which is chosen later.

Naturally, taking wq(x) = -+ = w, () = 1, Equation (1) becomes the standard density
model and ﬁin the standard linear wavelet estimator for this problem; see Hardle et al.
(1998, Subsection 10.2). For a survey on wavelet linear estimators for various density
models, we refer to Chaubey et al. (2010).

THEOREM 3.2 Suppose that (X;);cz are independent and lim,,_,, 2, = 00. Suppose that
f e B, (M), with s € (0,N), p>2and r > 1. Let fii, be as in Equation (8) with the

1nteger Jjo satisfying (1/2)zy, 1/(2s+1) < 20 < z}/@s“)
such that

. Then, there exists a constant C' > 0

. [/L (flin(x) _f(x)>2dx] < Oz 2/,
~L

Note that, when wi(z) = --- = wy(z) = 1, we have z, = n~2%/2s+t1) and this is the
optimal rate of convergence (in the minimax sense) for the standard density estimation
problem; see Hérdle et al. (1998, Theorem 10.1).

Let us now explore the performance of fj;, for a class of dependent (X;);ez.

DEFINITION 3.3 Let (X;)iez be a random process. For any u € Z, let fi(m,u be the o-
algebra generated by ..., X, 1, X, and quoo is the o-algebra generated by X, Xy+1,. .-
For any m € Z, we define the mth maximal correlation coefficient of (X;);ez by

ICU, V)

m = Su su —_—
P ek ) VIOIVIV]

CEZ (UV)ELA(FX IXL2(FX, 0 o)

where, for any A € {FX o0 T +£oo} L*(A) = {U € A; E[U% < oo} and C(-,-) denotes
the covariance function. Then, we say that (X;);cz is p-mixing if and only if

lim p,, =0.
m—0o0

Further details on p-mixing dependence can be found in, e.g., Kolmogorov and Rozanov
(1960), Shao (1995) and Zhengyan and Lu (1996).

Results on wavelet estimation of a density in the p-mixing case can be found in Leblanc
(1996) and Hosseinioun et al. (2010).
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THEOREM 3.4 Suppose that (X;);ez is p-mixing and there exist three constants v > 0,
6 €[0,1) and v > 0 such that

Zn
lim

li =, S 9
n00 n[log(n)]¥ log Z ’ ntoo nflog(m)] )

Suppose that f € By, (M), with s € (0, N), p > 2 and r > 1. Let fin be as in Equation
(8), with the integer jo satisfying

1 ; 1/(25+1) ' . 1/(25+1)
-~ < 9Jo < . .
2 <n9[10g(n)]"’> (ne[log(n)P)

Then, there exists a constant C' > 0 such that

: [/_LL <J?hn(x) - f($)>2 dx] <C (ne[kzw)—%/@sﬂ) |

The main role of the parameters 6 and ~ in Equation (9) is to measure the influence of the
p-mixing dependence of (X;);cz when limy, oo Y | pm = 00 on the performance of flin.
The first assumption in Equation (9) can be viewed as a generalization of the standard one,
ie., Yo 1 pm < C, which corresponds to § = v = 0; see e.g., Leblanc (1996, Assumption

M1). Observe that, if # = v = 0, Theorem 3.4 extends the result of Theorem 3.2; the

p-mixing dependence on (X )iez does not deteriorate the rate of convergence zy, 28/ (2S+1)

The main drawback of fhn is that it is not adaptive. It depends on the smoothness
parameter s in its construction. The adaptive estimation of f for independent (X;);cz is
explored in the next section.

4. ON THE ADAPTIVE ESTIMATION OF f IN THE INDEPENDENT CASE

Suppose that (X;);cz are independent. We define the hard thresholding estimator ﬁlard by

fhard Z Qr, k¢7'k + Z Z /Bjk ‘B |>H6\/logz(j} wj,k(q:)a (10)

keA, J=T keA;

where &, is defined by Equation (7),
) 1/’; k
B;,
ak = z; wz 1

for any random event A, T4 is the indicator function on A, j; is the integer satisfying
(1/2)z, < 29 < 2., 0 = /Cy and Kk > 8/3 + 2+ 2,/16/9 + 4.

The originality of fhard is in the definition of Equation (11). We do not estimate the
unknown “mother” wavelet coefficient by the standard empirical estimator; we consider
a thresholding version of it. This thresholding combined with a suitable calibration of
the parameters allows us to have power MISE properties under very mild assumptions
on wi(x),...,wy(x). Such a technique has been firstly introduced in a hard thresholding
wavelet procedure in Delyon and Juditsky (1996) for nonparametric regression. Another
application of this technique can be found in Chesneau (2011).

: 11
ot ) -

w7:<x7;>
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THEOREM 4.1 Suppose that (X;);cz are independent and lim,,_,o 2z, = 0. Let ﬁlard be
as in Equation (10). Suppose that f € By (M) with r > 1, {p > 2 and s € (0, N)} or
{p € [1,2) and s € (1/p,N)}. Then, for a large enough n, there exists a constant C' > 0
such that

E [/_LL (ﬁqard(l’) — f(x))zdx] <c (log(zn)>25/(25+1) |

Zn

Theorem 4.1 shows that ﬁlard attains a rate of convergence close to one attains by flin.
The only difference is the “negligible” logarithmic term [log(n)]2s/ (2s+1) Mention that the
proof of Theorem 4.1 is based on Chesneau (2011, Theorem 2).

5. PROOFS

In this section, C' denotes any constant that does not depend on j, k and n. Its value may
change from one term to another and may depends on ¢ or .

PROOF [Proposition 3.1] We have

E [a;,k} = E Z (bj B g / ij, dx = Qj k- (12)
=1

—L wl(

Using Equation (12), the independence of Xj,..., Xy, Equations (2) and (3) and
f—LL (¢j,k(z))? dz = 1, we obtain

E (@) — ajr)?] =V [@54] =2 ZV V]k X;) }

Z

[(é)] B[ (o) s

n

1 I L N L
- rﬂ;/_L (6jr(x))? u{i((;)da: < C*WZE'

i=1

‘We have

E [aj,k] = i sz ¢]k( ) d.CL‘ = zn/ ¢j kX dl’ = Qi k- (13)

cn iy —L UJZ( )

Using Equation (13), again the independence of Xi,...,X,, Equations (2), (3) and
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f—LL (¢j,k(x))2 dx = 1, we obtain

-~ 21 ¢jk )
E[(@r — ojr)’] = TQL 2 [ w3 (X) ]
< 1 Xi) 2 1 g 2 L ¢j7k(m) ? d
“n =1 =1
-2 Z / (6ia(@) 3 5w < Cugzn = G (14)
The Holder inequality yields
_ 1/2
n= \/qTZ = ~n -
Therefore
1 1 &1
o< —.
Zn N2 ; v;
The proof of Proposition 3.1 is complete. [ |

PRrROOF [Theorem 3.2] We expand the function f on B as

= Z ajo,k¢j0,k(x) + Z Z ﬁj,k¢j,k($)

kEA;, j=jo k€A,

where oy, = ffo(x)¢j07k(x)d$ and fj = ffL f(@)Y;k(z)d.
Using the fact that B is an orthonormal basis of L?([—L, L]), Proposition 3.1 and, since
p>2, By, (M) C B; (M), we have

B[ (o) - 1) ae] = 3 Bl - na?) + 3 5

keA;, J=Jo kEA;

<C <2j01

Zn

+ 22]'03) < ngzs/(Qerl).
Theorem 3.2 is proved. [ |

PRrROOF [Theorem 3.4] First of all, let us prove the existence of a constant C' > 0 such that

E [(@jy 4 — jor)?] < CnP[log(n)]"—

Zn
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Since @j, 1, is an unbiased estimator of a;, x, we have

E [(ajo,k - Oéjo,kﬂ = V@, k]

_ (bo, ) gbo, (XZ)
SO HRT o (o o)

nzlfl

n

< 22 Z QV |:¢J0, :| ZLQ Z Uﬂ)g

i=1 £

(ot i )|

(15)

It follows from Equation (14) that
1 Bjo k )} 1
. 07 < Ci
721 Zl |: wz z) T zZp

In order to bound the second term in Equation (15), we use the following result on p-
mixing. The proof can be found in Doukhan (1994, Section 1.2.2.).

LEMMA 5.1 Let (X;)iez be a p-mixing sequence. Then, for any (i, j) € Z? such that i # ¢
and any functions g and h, we have

C (h(X3), 9(X0)) | < ppig VE [(M(X2))?] E [(9(X))2],

whenever these quantities exist.

Using Lemma 5.1, we obtain

(16)

By Equations (2), (3) and f_LL (quo,k(a:))Q dr = 1, we have

E [(‘Z’w’g;’()))] - [ (2 e = [ rpe LD <o L
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Therefore

5o o (2t Gt XY < 03757 g

i=1 (=1 i=1 (=1
LF#10 LF#10

n 1—1

<CY Y Voo

1=2 (=1

n 1—1

<CY Y (it ) pie

1=2 (=1

n i—1

:CZZ(Ui+Uifu)p

=2 u=1

—C(iszpu+i§vz upu>.

1=2 u=1

Using Equation (9), we obtain

n i—1 n
D _viY pu Sy pus On’llog(n)]Tz,
=2 u=l u=1

and
n 1—1
Vi— upu—zpu Z Vj—uy SZnZPu SCTL IOg )]'an
=2 u=1 u=1 i=u+1
Hence
" Pjok(Xi) &; k(X@)‘ 6
vivg |C & , = < Cn’llog(n)]” zp. 17
323w (L), e log(n)] a7

é;i

Putting Equations (15), (16) and (17) together, we obtain

B [(@ — ag0)?] < © (1 N "GUOgW> < o™ log(m]”.

Zn Zn Zn

Then we proceed as in Theorem 3.2. We expand the function f on B as

x) = Z Qo kDot (T) + Z Z Bj ki k()

keA;, j=jo k€A,

where aj, ;= f_LL f(z)¢jo k(x)dz and B = f_LL f(2)Y; x(x)dz. Using the fact that B is



40 C. Chesneau and N. Hosseinioun

an orthonormal basis of L([—L, L]) and, since p > 2, B .(M) C B (M), we obtain

B[ [ (o) 1) ] = 3 El@a- o]+ 30 T

k’GA]'O —]0 k‘eA
0 N ' —2s/(25+1)
<C (2]071 [log(n)] + 2—2j05> <C < . Zn ) .
Zn n?[log(n)]?
The proof of Theorem 3.4 is complete. [ |

PROOF [Theorem 4.1.] The result is proven using the following general result. It is a
reformulation of the result given in Chesneau (2011, Theorem 2).

THEOREM 5.2 (Chesneau, 2011). Let L > 0. We want to estimate an unknown function
f with support in [—L, L] from n independent random variables Uy, ...,U,. We consider
the wavelet basis B and the notations of Section 3. Suppose that there exist n functions
hi,...,hy such that, for any v € {¢, 1},

e (Al) Any integer j > 7 and any k € Aj,

Zh Vi Ul /f )75,k (

e (A2) There exist a sequence of real numbers (u;);en- satisfying lim;_,o pt; = 00 and two
constants, 0, > 0 and d > 0, such that, for any integer j > 7 and any k € A},

o1
2 2625
nQZE[ (Vs Ui) } < 0,2 ]E'

We define the hard thresholding estimator fH by

Z O‘frkgbrk +Z Z 5] kﬂ{‘ﬁjkp,{)\] n}d}] k(2),

keA. J=T k€EA;

where

_ 1 o
Oéj,kzﬁzhi(ébj,kan)a Bik =~ Zh (Vg.ks U)Wy s (40,0 | <iyn >
=1

for any random event A, 1 4 is the indicator function on A,

fin si [log(pn)
L N = 0,200 | 2SN
log(pin) T [in

Mjm = 02%7

k=8/3+2+2,/16/9 + 4 and j; is the integer satisfying (1/2)us YEHD) 9 < s L/(2o+1)
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Let 7> 1,{p>2and s € (0,N)} or {p €[1,2) and s € ((20 +1)/p, N)}. Suppose that
feB,, (M ) Then, there exists a constant C' > 0 such that

E [/_LL (fH(x) - f(%'))de] <C <bgii/jn)>28/(2s+26+l)_

Let us now investigate the assumptions (Al) and (A2) of Theorem 5.2 with, for any
ie{l,....,n}, U;=X;, 0, =+Cs, 6 =0, py, = 2, and

n k)
hz‘(%‘,k,y) = :Uzm

n

e On (Al). By Proposition 3.1, for any v € {¢, 1}, we have

Zh Vi X ] /f )7k

e On (A2). Using Equation (14), we have

n2 ZE[ ’Yakv ))2} SC*Zln-

Let f € B, ,.(M). It follows from Theorem 5.2 that the hard thresholding estimator give
in Equation (10) satisfies, for any » > 1, {p > 2 and s € (0,N)} or {p € [1,2) and

s € (1/p,N)},

D [ /L (Frara(@) f(x)>2d$] <o (1og(zn)>zs/(gs+1)'

.y Zn

The proof of Theorem 4.1 is complete. [ |
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