CHILEAN

JOURNAL OF

STATISTICS

Edited by Victor Leiva

Volume 10 Number 2 Published by the
December 2019 Chilean Statistical Society
ISSN: 0718-7912 (print) SOCHE.La

ISSN: 0718-7920 (online) SOCIEDAD CHILENA DE ESTADISTICA



A1MS

The Chilean Journal of Statistics (ChJS) is an official publication of the Chilean Statistical Society (www.soche.cl).
The ChJS takes the place of Revista de la Sociedad Chilena de Estadistica, which was published from 1984 to 2000.

The ChJS is an international scientific forum strongly committed to gender equality, open access of publications
and data, and the new era of information. The ChJS covers a broad range of topics in statistics, data science, data
mining, artificial intelligence, and big data, including research, survey and teaching articles, reviews, and material
for statistical discussion. In particular, the ChJS considers timely articles organized into the following sections:
Theory and methods, computation, simulation, applications and case studies, education and teaching, development,
evaluation, review, and validation of statistical software and algorithms, review articles, letters to the editor.

The ChJS editorial board plans to publish one volume per year, with two issues in each volume. On some occasions,
certain events or topics may be published in one or more special issues prepared by a guest editor.

EDITOR-IN-CHIEF
Victor Leiva

EDITORS

Héctor Allende Cid
José M. Angulo
Roberto G. Aykroyd

Narayanaswamy Balakrishnan

Michelli Barros
Carmen Batanero
Tonut Bebu

Marcelo Bourguignon
Marcia Branco
Oscar Bustos

Luis M. Castro
George Christakos
Enrico Colosimo
Gauss Cordeiro
Francisco Cribari-Neto
Francisco Cysneiros
Mario de Castro
José A. Diaz-Garcia
Raul Fierro

Jorge Figueroa
Isabel Fraga
Manuel Galea
Christian Genest
Marc G. Genton
Viviana Giampaoli
Patricia Giménez
Hector Gémez
Daniel Griffith
Eduardo Gutiérrez-Pena
Nikolai Kolev
Eduardo Lalla
Shuangzhe Liu
Jesus Lépez-Fidalgo
Liliana Lépez-Kleine
Rosangela H. Loschi
Carolina Marchant
Manuel Mendoza
Orietta Nicolis

Ana B. Nieto
Teresa Oliveira
Felipe Osorio
Carlos D. Paulino
Fernando Quintana
Nalini Ravishanker
Fabrizio Ruggeri
José M. Sarabia
Helton Saulo
Pranab K. Sen
Julio Singer

Milan Stehlik
Alejandra Tapia

M. Dolores Ugarte
Andrei Volodin

MANAGING EDITOR
Marcelo Rodriguez
FouNnDING EDITOR
Guido del Pino

Pontificia Universidad Catdlica de Valparaiso, Chile

Pontificia Universidad Catdlica de Valparaiso, Chile
Universidad de Granada, Spain

University of Leeds, UK

McMaster University, Canada

Universidade Federal de Campina Grande, Brazil
Universidad de Granada, Spain

The George Washington University, US
Universidade Federal do Rio Grande do Norte, Brazil
Universidade de Sao Paulo, Brazil

Universidad Nacional de Cérdoba, Argentina
Pontificia Universidad Catdlica de Chile

San Diego State University, US

Universidade Federal de Minas Gerais, Brazil
Universidade Federal de Pernambuco, Brazil
Universidade Federal de Pernambuco, Brazil
Universidade Federal de Pernambuco, Brazil
Universidade de Sao Paulo, Sao Carlos, Brazil
Universidad Auténoma de Chihuahua, Mexico
Universidad de Valparaiso, Chile

Universidad de Concepcién, Chile

Universidade de Lisboa, Portugal

Pontificia Universidad Catdlica de Chile

McGil University, Canada

King Abdullah University of Science and Technology, Saudi Arabia
Universidade de Sao Paulo, Brazil

Universidad Nacional de Mar del Plata, Argentina
Universidad de Antofagasta, Chile

University of Texas at Dallas, US

Universidad Nacional Auténoma de Mexico
Universidade de Sao Paulo, Brazil

University of Twente, Netherlands

University of Canberra, Australia

Universidad de Navarra, Spain

Universidad Nacional de Colombia

Universidade Federal de Minas Gerais, Brazil
Universidad Catdlica del Maule, Chile

Instituto Tecnolégico Auténomo de Mexico
Universidad Andrés Bello, Chile

Universidad de Salamanca, Spain

Universidade Aberta, Portuga

Universidad Técnica Federico Santa Maria, Chile
Instituto Superior Técnico, Portugal

Pontificia Universidad Catdlica de Chile
University of Connecticut, US

Consiglio Nazionale delle Ricerche, Italy
Universidad de Cantabria, Spain

Universidade de Brasilia, Brazil

University of North Carolina at Chapel Hill, US
Universidade de Sao Paulo, Brazil

Johannes Kepler University, Austria

Universidad Catdlica del Maule, Chile
Universidad Publica de Navarra, Spain
University of Regina, Canada

Universidad Catdlica del Maule, Chile

Pontificia Universidad Catdlica de Chile



CHILEAN JOURNAL OF STATISTICS VOLUME 10 — NUMBER 2 — DECEMBER 2019

CONTENTS

Victor Leiva

“Chilean Journal of Statistics”:

An international scientific forum committed to gender equality, open access,

and the new era of information 95

Paulo H. Ferreira, Taciana K.O. Shimizu, Adriano K. Suzuki, and Francisco Louzada
On an asymmetric extension of the tobit model based on the tilted-normal distribution 99

Eduardo Horta and Flavio Ziegelmann
Mixing conditions of conjugate processes 123

Guilherme Parreira da Silva, Cesar Augusto Taconeli, Walmes Marques Zeviani,

and Isadora Aparecida Sprengoski do Nascimento

Performance of Shewhart control charts based on neoteric ranked set sampling

to monitor the process mean for normal and non-normal processes 131

Lucas Pereira Lopes, Vicente Garibay Cancho, and Francisco Louzada
GARCH-in-mean models with asymmetric variance processes for bivariate
FEuropean option evaluation 155

Boubaker Mechab, Nesrine Hamidi, and Samir Benaissa
Nonparametric estimation of the relative error in functional regression
and censored data 177



Chilean Journal of Statistics
Vol. 10, No. 2, December 2019, 123-129

STOCHASTIC PROCESSES
RESEARCH PAPER

Mixing conditions of conjugate processes
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Abstract

In this paper, we provide sufficient conditions ensuring that a 1¥—mixing property holds
for the sequence of empirical cumulative distribution functions associated with a conju-
gate process. Numerical examples are also provided to illustrate our results.

Keywords: Covariance operator - Functional time series - Random measure.
Mathematics Subject Classification: 60G57 - 60G10 - 62G99 - 62M99.

1. INTRODUCTION

Time series models where the dynamics is driven by a latent, unobservable state variable are
ubiquitous in the literature — to name a few examples, we mention the ARCH and GARCH
models (Engle, 1982; Bollerslev, 1986), the class of hidden Markov models (Baum and Petrie,
1966) and, more recently, the GAS model of Creal et al. (2012). Such models have found
widespread use in quantitative finance, economics and other applied sciences, and it is then
natural to consider extensions to a framework where the underlying state is infinite dimen-
sional — especially when one takes into account the increasing availability of high dimensional
data in the last 20 years. Contributions in that direction have been proposed, among others,
by Hormann et al. (2013) and Aue et al. (2017) who introduce functional versions of the
ARCH and GARCH models, respectively. In fact, stochastic differential equations, Bayesian
nonparametrics (Ghosal and Van der Vaart, 2017; Quintana, 2010) and many other proba-
bilistic models can be interpreted as pertaining to the class of (infinite dimensional) latent
variable models. Exploring such connections is beyond the scope of the present paper..

Also in the setting of an infinite dimensional state variable, Horta and Ziegelmann (2018)
introduce the concept of a conjugate process, where the latent state is indeed the (random)
conditional distribution of the observable continuous-time process. Consistency results are
available, and as is common in the framework of Functional Time Series, they rely on
imposing a strong mixing condition on the model. However, in this setting some additional
difficulties arise because the mixing property is imposed on a functional of observable data,
whereas the dynamics is specified in terms of the latent, infinite dimensional state variable.
This means that it can be cumbersome to derive the required mixing condition directly from
higher level model assumptions (see the discussion in Remark 7). In this paper, we provide
sufficient conditions which ensure that a ¢-mixing property is inherited by the functional
of the data whenever the underlying state process is itself ¥-mixing.
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The remainder of the paper is organized as follows. In Section 2, we present the theoretical
background, following Horta and Ziegelmann (2018). In Section 3, we state and prove our
main results. Section 4 illustrates the theory through a computational example. Section 5
provides some concluding remarks.

2. THEORETICAL BACKGROUND

In Horta and Ziegelmann (2018) a conjugate process is defined to be a pair (£, X), where
X = (X, : 7 > 0) is a real valued, continuous time stochastic process, and & == (§ : t =
0,1,...) is a strictly stationary sequence of M;(R)-valued (here M;(RR) denotes the set of
Borel probability measures on R) random elements, for which the following condition holds:

IP(XTGB‘§0>§1;~~~):£IE(B)7 T E [t7t+1)a (1)

foreacht =0,1,... and each Borel set B in the real line. From the statistical viewpoint, the
sequence ¢ is to be understood as a latent (i.e. unobservable) process, and thus all inference
must be carried using information attainable from the continuous time, observable process
X alone.

A crucial objective in this context is estimation of the operator R*: L?(u) — L?(u1) defined
by

R'f@) = [ Rue)f)pdy),  c€R

where the kernel R, is given by

R, (z,y) = /Cov(Fo(sc), Fi(2)) Cov(Fy(y), F1(2)) p(dz), z,y € R,

and where p is a fixed, arbitrary probability measure on R equivalent to Lebesgue measure.
In the above, Fy(z) = &(—00,z], z € R, is the (random) cumulative distribution function
corresponding to &. One of the key results in Horta and Ziegelmann (2018) is Theorem 2.1
below, which provides sufficient conditions under which R* can be y/n-consistently esti-
mated. These conditions involve an a priori ¥-mixing assumption on the Data Generating
process, and therefore it is of crucial importance to provide tractable conditions which in
turn ensure the required -mixing property. Our Theorem 3.1 below provides one such
sufficient condition. R

Before stating the theorem, we shall shortly introduce the estimator R* which is (as
one should expect) a sample analogue of R*. Consider, for each ¢ = 1,...,n, a sample
of observations {X;;: i =1,...,¢} of size ¢; from (X, : 7 € [t,t +1)). Typically one has
Xit = Xit(i—1)/q,- Also let ﬁt denote the empirical cumulative distribution function associ-
ated with the sample X4, ..., Xy, 4,

N 1 qt
Fy(z) = " Y IXi <z, z€R.
=1

Notice that both F; and ﬁt are random elements with values in the Hilbert space L?(u),
and thus we find ourselves in a framework similar to Horta and Ziegelmann (2016).
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In this setting, R* is defined to be the operator acting on L?(u) with kernel
Rule.y) = [ il 2)Cily,2utdz), wyeR,

where C; is the sample lag-1 covariance function

Culy) = S (Be) - Auo) ¢ (Fua) = A).  a ek

with Fy == (1/n) X7, F}.

Last but not least, let X denote the stochastic process (Xy i, : 7 € [0,1)), so that
XO xM X ® s a sequence of RI%D-valued random elements. We say that a con-
jugate process (£, X) is cyclic independent if, conditional on £, we have that (X(t) ot =
0,1,...) is an independent sequence. This means that, for each n and each (n + 1)-tuple
Co, . ..,Cy of measurable subsets of RV it holds that

P(X© e Cy,.... X" e, &) =[P e o).
t=0

We are now ready to state the consistency theorem.

THEOREM 2.1 (Horta and Ziegelmann, 2018) Let (£, X) be a cyclic-independent conjugate
process, and let u be a probability measure on R equivalent to Lebesgue measure. Assume
that (Fy: ¢t =1,2,...) is a ¢»-mixing sequence, with the mixing coefficients U (k) satisfying
S0, kW/2(k) < oo. Then, it holds that

(i) R — Be|lus = Op(n~1/2);
(i) supjen [8; — 0] = O (n~172),
If moreover the nonzero eigenvalues of R* are all distinct, then
(iii) [|eb; — ¥jllz2(uy = Op(n=1/2), for each j such that 6; > 0.

In the above, || - ||zs denotes the Hilbert-Schmidt norm of an (suitable) operator acting
on L*(u), (0;: j € N) ((5] j € IN)) denotes the non-increasing sequence of eigenvalues of
RH (ﬁ“), with repetitions if any and, for j € IN, v, (@Zj) denotes the unique eigenfunction
associated with 6; (57) Notice that there is some ambiguity in defining things in this manner;
to ensure that everything is well defined, we adopt the convention that the sequence (6;)
contains zeros if and only if R* is of finite rank. Thus if the range of R* is infinite dimensional
and 0 is one of its eigenvalues, it will not show up in the sequence (6;). On the other hand,

RM is always of finite rank.

3. MaIN RESuULT

In what follows it will be convenient to assume that the latent process is indexed for t € Z
and that the continuous time, observable process X is indexed for 7 € R. That is, we
update our definitions so that £ .= (& : ¢ € Z) and X = (X, : 7 € R). Recall that a
strictly stationary sequence (Z; : t € Z) of random elements taking values in a measurable
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space Z is said to be ¥-mizing if the ¢)-mixing coefficient W, defined, for k € IN, by

P(ANB
U, (k) = sup|l — ]P((A)IP(B)) (2)
is such that Uz(k) — 0 as k — oo, where the supremum in (2) ranges over all A € o(Z;: t <
0) and all B € 0(Z;: t > k) for which P(A)P(B) > 0; see Doukhan (1994) and references
therein for a thorough treatment of the topic, and also Bradley (2005) for basic properties
of mixing conditions.

The ¢-mixing condition in Theorem 2.1 imposes restrictions on the sequence of empirical
cumulative distribution functions (F}) and thus constrains (F;) and (X,) jointly. One could
argue that it is more natural to impose a ¥—mixing condition on the latent process (&)
instead, the issue being that it may be the case that a mixing property of the latter sequence
is not inherited by (F}). If a condition slightly stronger than cyclic-independence is imposed,
however, then inheritance does hold. This is our main result.

THEOREM 3.1 Let (£, X) be a cyclic-independent conjugate process, and let 1 be a prob-
ability measure on R equivalent to Lebesgue measure. Assume £ is ¢—mixing with mixing
coefficient sequence W¢. If, for each ¢, the conditional distribution of X ) given ¢ depends
only on &, in the sense that the equality

PXW el =PxYec|g] (3)

holds for each measurable subset C of RV and each ¢, then (X®) is ¢-mixing with mixing
coefficient sequence Wy < We.

COROLLARY 3.2 In the conditions of Theorem 3.1, if 332, kW, (k)12 < oo, then the -
mixing assumption of Theorem 2.1 holds.

Remark 1 Theorem 3.1 and Corollary 3.2 are important as they provide the applied statis-
tician a framework for introducing models in which the ¢-mixing condition of Theorem 2.1
is satisfied, ensuring the possibility of adequate estimation procedures and statistical anal-
yses. A particular setup in which knowledge of ¢-mixing models for multivariate time series
is sufficient for obtaining a t-mixing sequence of random measures (§;) is the scenario in
which the latter sequence is in fact driven by a finite dimensional process. This is the case
whenever (&) satisfies

&(B) = E&y(B) + Z Zii) tez, B € Borel(R),

where d is a positive integer, the Z;; are scalar random variables and the A; are signed
measures of finite total variation. Indeed, in this setting the dynamic features of (&;) are
entirely captured by the multivariate time series Z; = (Zy, ..., Z;;), and it is not difficult to
see that if the mixing coefficient sequence ¥z (1), Uz(2), ... of (Z;) satisfies the summability
condition of Theorem 2.1, then so does We.

Proof [Proof of Theorem 3.1] For k € IN, let 71 and T3 be finite, nonempty subsets of
{0,—1,-2,...} and {k,k+1,k+2,...} respectively, and set T := Ty UT». Let {C;, t € To}
be a collection of measurable subsets of RI%!). By definition, o(X® : ¢ < 0) coincides
with the o-field generated by the class of sets of the form ,cr, [X® € C;] over all finite,
nonempty 77 C {0, — .} and all collections {C, : t € T1} of measurable subsets of
RI%Y | and similarly for J(X(t) t>k).
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Notice that by equation (3) and the Doob—Dynkin Lemma (see Kallenberg, 1997, Lemma
1.13) we have P [X(t) € Cy ]5] = g; 0 &, for some measurable function g;: M;(R) — R. This
fact, together with the cyclic-independence assumption, ensures that

11»{ N [x® ect]} —E{P{ N [x9ec ]f}} —E{ I1 gtogt},

Jj =0,1,2 (a similar computation yields strict stationarity of the process (X 0. ¢ e 7)).
Thus, the quantity

1

(4)

P{fen ¥ <)
- P{Ner, [XO € CIP{Nyer, [XD € G}

is seen to be equal to

E{HtETo gt © gt}

B E{HteTl gt © ft}E{HteTz gro&it| (5)

‘1

Substituting each g; in (5) by an arbitrary measurable, bounded and positive g;: M;(R) —
R, and taking the supremum over all collections {g; : ¢t € Ty} of such g;, and over all T =
Ty U T, as above, gives an upper bound to (4). It is easily seen that this supremum yields
precisely W¢(k). This establishes that Wx (k) < W¢(k) and completes the proof. (By definition
U (k) is obtained by taking the supremum over all collections of g; which are indicator
functions of measurable subsets of M;(RR).) |

Proof [Proof of Corollary 3.2] By definition (or using the Doob-Dynkin Lemma) we have
that F} is of the form [, = g: 0 X® for some measurable g;: R — L2(y). Since IP(Z?} c
B) = P(X® ¢ g7 (B)), it follows that the supremum in the LHS over all measurable subsets
B of L*(y) is bounded above by sup P(X® € C), with C ranging over all measurable subsets
of RI%D . An easy adaptation of this argument shows that the mixing coefficient sequence
U~ is bounded above by Wy. [ ]

4. EXAMPLES

We refer the reader to Horta and Ziegelmann (2018) for an interesting application of the
theory of conjugate processes to the problem of financial risk forecasting. Below we provide
a simple example to illustrate the theory.

As discussed in Horta and Ziegelmann (2018), the case where (&) is an independent
sequence is of no interest, since in this case RF is trivially the zero operator. Consider
then an independent identically distributed sequence (¢; : t € Z), where ¥ is uniformly
distributed on [0, 1], and let n; be the random probability measure defined by (abusing a
little on notation) 7,(0) = J¢ and m(1) = 1 —;. Setting & = (n:+m—1)/2, we clearly obtain
a Y-mixing sequence which satisfies the summability condition of Theorem 2.1. Indeed, (&;)
is 1-dependent. A straightforward computation shows that Cov(Fy(z), Fi(y)) = 1/48 for
z,y € [0,1) and is identically zero otherwise, and therefore R,(z,y) is a positive constant
for x,y € [0,1) which only depends on the chosen measure pu.

Now, aside from the assumption that relation (1) holds, the nature of the process (X, :
7 € R) is rather arbitrary. Below we simulate the case where, conditional on &, the process
(Xi4r = 7 € ]0,1)) is a continuous time Markov chain on the state space {0,1} with
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stationary distribution (&(0),&:(1)). There is a free parameter in the construction, which
is the mean holding time 1/gq of state 0. We set go = 10. Thus, conditional on & = A,
the process (X4, : 7 € [0,1)) is a Markov chain with initial distribution (A;(0), A\:(1)) and

generator
_ (—4% 49o
0= ( Tt —Tt)
where r; == go A (0)/A(1).

The conjugate process (£, X) described above can be informally summarized as follows. At
each day, the world finds itself in a (unobservable) state which is characterized by a number
lying in [0, 1]. Within each day, given the state of the world, a system can find itself in two
distinct (observable) regimes (say, regime 0 and regime 1). This system switches between 0
and 1 according to a stationary, continuous time Markov chain, where the state of the world
in that day represents the probability of the system being on regime 0 at any given point in
time within that day. Figure 1 displays a simulated sample path for the first 4 days of the
process just described.

;
5
!
%
!
|
|
|
!
l
|

0 emoe—ee o moecim—o e ewoews o0 ee—o e —

T IrTT M T Irrmm T 1T T O Tar 17T T T T TT I
0 1 2 3 4

Figure 1. A simulated sample path. Even days are colored in red; odd days in blue.

We also illustrate the consistency result via a Monte Carlo simulation study. For each
t =1,...,n, we sample the process (X : 7 € [0,1)) once per cycle (that is, we take
¢+ = 1 and X, ; = X;) and compute the corresponding value of 6’1(0, 0). Figure 2 displays the
boxplot of the estimated values of 6’1(0, 0) across 10000 replications of the above procedure,
with the sample size varying in {100, 1000, 10000}. The blue line indicates the true parameter
value C1(0,0) = 1/48.

2
2
g
S
—
o
= -+
in
S |
< H
I I I
n =100 n = 1000 n = 10000

Figure 2. Boxplots of 61 (0,0) values across replications.
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5. CONCLUDING REMARKS

This paper investigated conditions under which a certain ¥-mixing condition is inherited by
the empirical cumulative distribution functions associated with a conjugate process (Horta
and Ziegelmann, 2018). Our theoretical results, presented in Theorem 3.1 and Corollary 3.2,
ensured that whenever the underlying state sequence possesses the required y-mixing prop-
erty, so does the corresponding sequence of empirical cumulative distribution functions. The
results are of relevance in settings where the dynamics is governed by an infinite dimensional
latent process, as they allow the applied statistician to propose conjugate process models
whose parameters can be consistently estimated — thus ensuring the possibility of adequate
statistical analyses.
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