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Abstract

A new, nonparametric, approach to Bayesian robustness is presented. Whereas many
studies in Bayesian robustness have dealt with a parametric sampling distribution, con-
sidering classes of prior distributions on the parameters, here we assume that the sam-
pling distribution comes from a Dirichlet process with a parameter n = Sa, with g > 0
and «a being a probability measure, specified with uncertainty.
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1. INTRODUCTION

Parametric Bayesian robustness usually deals with uncertainty in the prior by modelling a
class I' of probability measures on the parameter space. Extensive reviews of the literature
on the subject are presented, e.g., in Berger (1994) and Rios-Insua and Ruggeri (2000),
and we refer to them for a discussion of the robust Bayesian viewpoint.

In this paper, we are going to present a new, nonparametric, approach to Bayesian
robustness. In Bayesian nonparametrics, probability measures on the space (X,.A) are
chosen by a stochastic process, such as the Dirichlet process introduced by Ferguson (1973).
We suppose that it is impossible to specify exactly the parameter 5 of a Dirichlet process
P. As an example, considered in Ruggeri (1994a), let X be the real plane R®2 and 7 be
proportional to a probability measure « for which only the marginals distributions can be
specified, i.e., « is in a Fréchet class, without any knowledge about the joint distribution.
Therefore, i being in a class A, we have a family of Dirichlet processes and, as in the
robust parametric approach, we study the behaviour of some quantity of interest and
compute its range as n varies in A. Some definitions and properties are provided in Section
2. Here, we are interested in the distance between Dirichlet processes (Section 3); in the
probability of some subspace of the space of all probabilities on (X, .4) (Section 4); in the
probability that set probabilities take certain values (Section 5) and, finally, in some Bayes
estimators (Section 6), e.g., of a random distribution function from P. The concentration
function (Cifarelli and Regazzini, 1987; Fortini and Ruggeri, 1994, 1995) will be very useful
in proving some results, especially in Section 7, where prior and posterior distances are
compared. A short discussion concludes the paper in Section 8.
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2. DEFINITIONS

We first present some definitions and results about the Dirichlet processes, the Fréchet
class in Bayesian nonparametrics and the concentration function.

DEFINITION 2.1 Let & be a set and A be a o-field of subsets of X. Let n be a finite,
nonnull, nonnegative, finite additive measure on (X, A). A random probability measure P
on (X, .A) is a Dirichlet process on (X, .A) with parameter 7, if for every k =1,2,..., and
measurable partition Bi,..., By of X', the joint distribution of the random probabilities
(P(By),...,P(Bg)) is Dirichlet with parameters (n(Bi),...,n(Bg)).

Ferguson (1973) proved the following result.

THEOREM 2.2 Let P be a Dirichlet process on (R2, A) with parameter = Ba and
a(R?) = 1. Let Z1,. .., Z,, be a sample of size n from P. Then, the conditional distribution
of P, given Zy,...,Zy, is a Dirichlet process with parameter n*(x,y) = f*a*(z,y), where
B* = [ +n and

ﬂa(ﬂj7 y) + Z 6Zi ($a y)
=1

G ’

Oé*(.CE,y) =

and o*(R?) = 1.

Consider the space R2 and the Borel o-field A on it. Let F' and G be two distributions
on R and let B denote the Borel o-field on the real line.

DEFINITION 2.3 The class of all bivariate distribution functions with given marginals F’
and G is called the Fréchet class I'(F,G).

Cifarelli and Regazzini (1987) introduced the concentration function of II with respect
to (w.r.t.) IIp, where II and IIj are two probability measures on the same measurable space
(©, F). According to the Radon-Nikodym theorem, there is a partition {N, N} c F of
© and a nonnegative function h on N such that, VE € F,

1(E) = / h(0)TIo(d6) + TL,(E N ),
ENNC©
IIH(N) =0, II;(N) = II4(0©), where

I, () = /QNC h(0)TIo(d6)

and II; denote the absolutely continuous and the singular part of II w.r.t. Iy, respectively.
Take h(0) = oo over all N and

H(y) =1l ({0 € ©: h(0) <y}),c, =inf{y € R: H(y) > z}.

Finally, let L, = {0 € ©: h(0) < ¢y} and L, = {0 € O: h(0) < ¢, }.
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DEFINITION 2.4 The function ¢: [0,1] — [0,1] is said to be the concentration function
(c.f.) of IT w.r.t. Iy if o(x) = II(L,) + cx{x — H(c; )}, for x € (0,1), ¢(0) = 0 and
p(1) = (O).

It is worth mentioning that the c.f. between finite measures, with equal total mass, could
be defined in a similar way.

The following theorem, proved in Cifarelli and Regazzini (1987), states that ¢(x) sub-
stantially coincides with the minimum value of II on the measurable subsets of © with
IIy-measure not smaller than .

THEOREM 2.5 If A € F and IIp(A) = =z, then ¢(x) < II,(A). Moreover, if x € [0,1] is
adherent to the range of H, then B, exists such that IIo(B,) = x and

o(z) =14 (By) = min{II(A): A € F and IIp(A) > z}. (1)

If TIp is nonatomic, then Equation (1) holds for any x € [0, 1].

Theorem 2.5 is relevant in applying the c.f. to robust Bayesian analysis. In fact, given
any = € [0, 1], the probability, under II, of all the subsets A with IIp-measure z, is such
that ¢(z) <II(A) <1—¢(1 —xz).

A partial ordering of probability measures is possible by using the coefficients of diver-
gence considered in Ali and Silvey (1966) and Csiszar (1967), and defined by

p(11, g) :/[0 )g(t)dHn(t) +1I4(0) lim 95575)7

t—o0

where ¢: [0,00) — R is continuous and convex, whereas Hyy and Il are defined as before,
for any II € P, w.r.t. a fixed IIy € P.
Gini’s concentration ratio (Gini, 1914) given by

1
cII) = 2/ {z —¢(x)}dx
0
and the index

G(II) = sup {z—¢(2)}
z€[0,1]

proposed by Pietra (1915), which equals twice the variational distance

sup [II(A) —Tlo(A)],
AeF

are obtained as particular cases of p(Il, g), taking, respectively,

o) =5 [ lt=uldHn(w) + 3 Ts(©) and gt) =|¢~1l.

In addition, when II is absolutely continuous w.r.t. IIp, the Kullback-Leibler index and the
x? divergence are obtained from p(II, g) setting g(t) = tlog(t) and g(t) = (t — 1)%.
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3. DISTANCE BETWEEN DIRICHLET PROCESS

As the parameter 7 of a Dirichlet process varies in a class, a family of Dirichlet processes
is obtained and a sensitivity analysis could be performed about how “far” these processes
are from one another. The idea of measuring the distance between stochastic processes
is, of course, not new in literature. We simply mention Vajda (1990), where the Renyi
distance and the Kullback-Leibler divergence, both based on Hellinger integrals, were used
to evaluate the distances between distributions of regular Markov processes. Here, we
consider, as a distance between two Dirichlet processes, both the maximum Hellinger
distance and the maximum Kullback-Leibler divergence between the distributions, under
the two Dirichlet processes, of the probability of any subset A € A. The interest in such
distributions follows, quite naturally, from the definition of a Dirichlet process in terms of
the distribution of random probabilities of partitions of A; see Definition 2.1.

3.1 HELLINGER DISTANCE

DEFINITION 3.1 Given the Dirichlet processes P and @ on (X, .A), their distance is given
by

where d(X,Y’) denotes the Hellinger distance between two random variables whose distri-
butions have densities p and g w.r.t. a dominating measure y, i.e.,

axv)={ [ (/o= x/§)2du}1/2-

Here, dy is actually a distance. In fact, it is symmetric and nonnegative. In addition,
dy(P,Q) = 0 if and only if the processes have the same parameters a.e. From Defini-
tion 2.1, it follows that, for any A € A, P(A) and Q(A) are Beta distributed, with
parameters (n1(A4),5 — m(A)) and (n2(A), 5 — n2(A)). The condition dy(P,Q) = 0 im-
plies d(P(A),Q(A)) = 0, for all A € A, so that the two Beta distributions coincide and
i (A) = n2(A), for all A € A and the two Dirichlet processes have the same parameter 7.
Viceversa, two Dirichlet processes with the same parameter are such that dy(P, Q) = 0.
Finally, given the processes P, () and R, the triangle inequality is proved by

du(P, Q) < sup {d(P(A), R(A)) + d(R(A), Q(A))} < du (P, R) + du(R, Q).

The concise notation f, 5 denotes, for an arbitrary, but fixed A € A, the density of a Beta
distributed random variable with parameters (n, 3 — n), where n = n(A) and § = n(X)).
When possible, the subscript § will be omitted, whereas a similar notation will be used
later for a Dirichlet distribution. Given two measures 71 and 7, such that 7, (X)) = 4 and
N2(X') = (a2, respectively, it can be easily shown that

d(P(A), Q(A)) = VZ(1 =Y (m(A),ma(A))"?,
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where

1
Y(ﬁla 172) = /0 \/f771ﬁ1 (y)fnzﬂz (y)dy

L((m A+ n02)/2)T((B1 + B2)/2 = (m +m2)/2) - VT(B)L(52)
VI ()T (B — )T (n2)T (B2 — 112) L((B1 + 82)/2)

The distance dy(P, Q) can be expressed by means of the concentration function described
in Section 2.

Without loss of generality, suppose that G < 31. We consider the c.f. 1 of o w.r.t. 0y,
but we should notice that would have obtained the same result by considering the c.f. ¢ of
7 w.r.t. m2. It can be shown that it is false, in general, that ¢;(t) = @a(t), Vt € [0, 1], but
here it is possible to prove that Y (z, p1(x)) = Y (p1(x), B2 — p2(51 — p1(x))). Furthermore,
it can be proved that Y (z,8 — p(8 —x)) = Y (8 — x, (8 — x)), so that it is sufficient to
consider Y (z, ¢(x)).

THEOREM 3.2 We have that

d(P,Q) =vV2(1— inf Y(x,0(x))"?

0<z<p

where ¢ is the c.f. of ny w.r.t. n;.

ProoF Consider A, = {A € A: 1 (A) = 2z}, for 0 < z < 1. We want to find A € A,
which minimises Y (z,72(A)). Take

Vi VI (A)T(B1 — m(A) T((B1 + B2)/2)
Zz(m2(A)) =Y (z,m2(A)) ALY .

It follows that

0Zy Zz(m2(A))
Ona(A) 2

where ¥ (z) = dlog(I'(x))/0x and

T, (1(4)) = @ (W) . (ﬂl t ;m(A))

—W(n2(A)) + V(B2 — m2(A)).

It can be shown that

li 02y +
im =400
12(A)—0 On2(A)
and
0Z,
lim = —00.

i
112(A)— B2 On2(A)
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From Abramowitz and Stegun (1972, pp. 259-260), it follows that

[e%s) —t —zt , [e'e] t —zt
U(z) = £ ° dt and U'(2) = °  1at
0 1 t

t 1—et 0 —e”

Therefore

_m(A)—n2(A)

o (AT gy = [T Ty
0

1—et

and

V(B2 —m2(A)) — ¥ <ﬁ1 ;52 ~ m(4) —2H72(A)> _

dt.

00 o= (B2—n2(A))t {e*((&7771(A))/2*(ﬁr772(14))/2)t — 1}
/0 1—et
Looking for the above quantities within brackets to be positive for all ¢, it follows that

0Z5/0n2(A) is positive for na(A) < 2 — (1 +m1(A) and negative for n2(A) > n1(A). When
B2 — 1+ n1(A) < m2(A) < ni(A), then it can be shown that

i (24522) v

i (252 0520) i)

2

is negative. Then, 07, /0n2(A) = 0 at a unique point, which is the unique maximum for
Zz(n2(A)) (e.g., m(A) = z if f1 = [2) and, since Z, is a continuous function, it reaches
a minimum at either infaca, 72(A) or supc 4. 1m2(A), ie., as discussed in Section 2, at
either ¢(x) or B2 — p(B1 — x). The same argument can be repeated for any = € [0,5;]. B

Therefore, the distance between two processes is found by computing the c.f. ¢(z) and
then minimising the function Y (z, p(z)), as in the following examples.

EXAMPLE 3.3 Let P and @ be Dirichlet processes on (R,B), whose parameters have
densities n; and 72 such that n2(x) = yn1(x) on a subset A with measure 0.5 under 7; and
ma(x) = (2 — v)mi(z) on A, with 0 < < 1 and n;(R) = 1 = 12(R). Therefore, the c.f. of
12 w.r.t. 1 is given by

Yy, 0<z<L0.5
p(z) =
2-—7zr+y-1,05<z<1.

By proving that the expected value £, L = ¥(x) — V() and assuming for simplicity 8 = 1,
then, from the well-known result ¥(x) — ¥(1 — ) = —7wcotwz, and some, not trivial,
algebraic manipulations, it follows that Y (x, ¢(x))/0z is negative (positive) for z < 0.5
(x > 0.5), so that Y (z,¢(x)) achieves its minimum value at x = 0.5. Finally, it can be
shown that lim,_o Y (z, p(z)) = 0, so that dy(P, Q) = V2.
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Distances are computed for different values of v and shown in Table 1.

Table 1. Hellinger distance.

y 0.0001 01 02 03 04 05 06 07 08 09 1.0
Distance 1.40 098 0.79 0.65 053 042 033 024 0.16 0.08 0.0

ExaMPLE 3.4 Let P and ) be Dirichlet processes whose parameters 7; and 79 have
distributions £(1) and G(2, 1), respectively. It can be proved that the c.f. of n w.r.t. ny is
given by o(z) = 2 + (1 — ) log(1 — z), and numerically shown that dy(P, Q) ~ v/2. The
result is not surprising since the c.f. tells us that there exist subsets whose probability is
very small under 7; and very large under 7s.

The most interesting application is about classes II of Dirichlet processes () determined
by their parameters n being in a class I'. Let ng be the parameter of a baseline Dirichlet
process Py. Let A the class of all c.f.’s of the parameters n € T" w.r.t. 9. The following
theorem simplifies the search of the distance between the process Py and the other processes
Q. Its proof is omitted because it is very similar to that of Theorem 3.2.

THEOREM 3.5 For any x € [0, 1], define ¢(z) = inf\go(a:). Then, it follows that
pe

sup du(Py, Q) = V2 (1 — inf Y(z,¢(x 12
sup da(Po, Q) = V2 (1~ inf ¥, 9(a)

The class I" could be one of those described by Fortini and Ruggeri (1994). That is, par-
ticular cases of e-contaminations, total variation neighbourhood, density ratio and density
bounded. There, such neighbourhoods of a given probability measure 7y were defined by
considering all the probability measures whose c.f. w.r.t. 79 was not below a given mono-
tone nondecreasing, continuous, convex function g(x) with ¢g(0) = 0 and ¢(1) < 1. It is
even possible to consider measures with finite mass 3, providing that g(3) < S.

EXAMPLE 3.6 Let n be in the e-contaminated class I'c = {n: n = (1 —&)no + &7,y € M},
where M is the class of all measures with mass . Such a class is a neighbourhood of g
described by Fortini and Ruggeri (1994) by taking g(x) = (1 — €)x. Here,

D((1— £/22)T(8 — (1 — /2)a)

e ) = e = or G - 90— (-9

so that lim, o I'(x) = oo implies that lim, 3 Y (x,(1 — ¢)z) = 0 and, therefore, there
exists Q such that dy(Py, Q) = /2.

ExaMPLE 3.7 Let n be in the total variation neighbourhood of 7y, which corresponds to

0, 0<z<e
g9(x) =
r—eg,e<z<pf.

Given 0 < = < ¢, then it follows that lim;_o Y (x,t) = 0 implies that there exists @) such
that du(Po, Q) = V2.
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The results are not surprising because the maximum distance is achieved by considering a
probability measure @), which is not absolutely continuous w.r.t. Py, as shown by ¢g(1) < f3;
see Fortini and Ruggeri (1995), for details. A lesser distance is obtained when we consider
the class of all probability measures whose c.f.’s are not below the one described in Example
3.3. The same distances in Table 1 are now the maximum distances in the class of the
Dirichlet processes.

Finally, it is worth mentioning the following result about the distance between processes
when considering random vectors P(A41),..., P(A4x) and Q(A1),...,Q(Ag), which shows
that the distance between processes increases as we consider finer partitions. Let f,, . ,.
be the density of a Dirichlet distributed random variable with parameters (71, ..., 7). Let
{Bi,..., By} be a measurable partition of A and {Bio, B11} be a measurable partition of
By. It follows that P(By),..., P(By) and Q(B1),...,Q(By) are Dirichlet distributed with
densities fy, . n. and f, . 5., respectively.

THEOREM 3.8 We have that

sup  d({P(B1),...,P(Br)},{Q(B1),...,Q(Bk)})

{Bl7---7Bk}

is a nondecreasing function of k.

Proor It follows from

1
fO \/f"710777117---777kf’YloKYlu---,’kay o ! <1
1 - \/f771077]11f’ym,’)/11dy ~ 1.

fO \/f7717~-~77']kf’)/1,...,’7kdy 0

3.2 KULLBACK-LEIBLER DIVERGENCE

The distance between Dirichlet processes could be measured by means of other indices,
like the coeflicients of divergence. In particular, we consider now the Kullback-Leibler
divergence and we show that the results are not very different from the previous ones.
Such an index is not a proper distance because it is not symmetric, but it can be useful
when interested in measuring distances of measures from a given one.

DEFINITION 3.9 Given the Dirichlet processes P and @ on (X, .A), their distance is given
by

dx (P, Q) = Sup d(P(A),Q(A)),

where d(X,Y) denotes the Kullback-Leibler divergence between two random variables
whose distributions have densities p and ¢ w.r.t. a dominating measure p, i.e.,

d(X,Y) = /p log <z> dy.
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The quantity d(P(A),Q(A)) =Y (n1(A),n2(A)) equals

f (A )(y) _ 1 y’h(A)*l(l _y)ﬁfm(A)*lf(ﬁ)
/ Ty log(fnz <y>> dy_/o T (A) rw—m(A))

o (ym“‘)—l(l y)P I (BT (A)D(B — m(A))) "

'T(8
y(A=1(1 — y)B-ma(A)= 1F(77( DB —m(A)L(B)
= —1log(T'(1m(A))) —1og(T(B — m(A))) + log(T'(n2(A)))
+log(T'(8 — n2(A ))) + (m(A) — n2(4))
x{W(m(A)) = V(8 —m(A))}.

We now compute the distance between any Dirichlet process @) with parameter 7 from a
baseline Dirichlet process P with parameter 7.

THEOREM 3.10 We have that

dKL(Pa Q) = sup Y(%,QO(I')),
0<z<p

where ¢ is the c.f. of n2 w.r.t. n;.

Proor Consider A, = {A € A:n(A) =z}, 0 <z <. We want to find A € A,, which
maximises Y (x,n2(A)). It follows that

o _T(mA) T'G-mA) .
Ona(A) ~ T(p(A))  T(B—m(4) W™

where &,L denotes the expected value of L =log(T/(1 —T')), when T is beta distributed
with parameters (7, 3 — n). Furthermore,

?Y T (p(A)((4) — (I'(12(4))"
o2 (A) (D(m2(A)))?
(B = (AL — m(A) + (T8 - 12(4))
(T(m2(A)))”

= Var,, 4y log(T) + Varg_,, 4 log(T) > 0.

The convexity of Y implies that Y takes its maximum value at either
infaca, 72(A) or supgcy, n2(A), ie., as discussed in Section 2, at either ¢(x) or
B — (8 — z). The same argument can be repeated for any x € [0, ]. Since it can be
proved that Y(z,08 — ¢(6 —z)) = Y (8 — z,p(8 — x)), it follows that it is sufficient to
consider Y (z, p(z)). |

Therefore, the distance between two processes is found by computing the c.f. p(z) and
then maximising the function Y (x, p(x)), as in the following examples.

ExaMPLE 3.11 (Example 3.3 continued) For < 0.5 and § = 1, it follows that

(1 —y)m*a

Zy(y) = ———F— = —ymcot(ymx) + ymcot(nz) + ~—— ,
sin®(mx)
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so that Z,(1) = 0 for all z € [0,1]. In addition,

o7 2 2
=(7) e + 7 cot(mx) — e

v

= —mcot(ymx) +

sin? (ymx) sin?(mz)’

which equals 0 at v = 1. The quantity within brackets in

0?Z,(v) 272y

02 = R T {sin(ymzx) — ymx cos(yrz)}

is always positive (obvious for yx > 1/2, whereas otherwise we should look at ¢ < tan(t),
for 0 <t < m/2).

Therefore, 0?Z,(v)/0v* > 0 implies that 0Z,(y)/dv is increasing and, because of
{0Z4(v)/07},—1 = 0, that it negative for v < 1. As a consequence, then Z, is decreasing
as a function of v and, because of Z,(1) = 0, it is positive for any v € (0,1), given any
x € [0,1]. Thus, 9Y (z,¢(x))/0x is positive for z < 0.5, while it can be similarly proved
that it is negative for = > 0.5, so that Y (z, p(z)) achieves its maximum value at z = 0.5.
Finally, it can be shown that lim,_o Y (z, p(x)) = 0o, so that di.(P, Q) = oo.

Distances are computed for different values of v and shown in Table 2.

Table 2. Kullback-Leibler divergence.

0 0.0001 01 02 03 04 05 06 07 08 09 1.0
Distance 8.76 19 1.2 079 053 035 021 012 0.05 0.01 0.0

EXAMPLE 3.12 (Example 3.4 continued) It can be shown that dx.(P, Q) is unbounded
also in this case.

As for Hellinger distance, we can prove a theorem similar to Theorem 3.5, which simplifies
the computation of the distance when considering the class A of all c.f.’s of the parameters
n €I w.r.t. no.

THEOREM 3.13 For any z € [0, 1], define @(z) = inicp(m). Then, it follows that
pe

sup dyr(Po, Q) = sup Y (z,p(x)).
Qell 0<z<f

As before about the Hellinger distance, the class I' could be described by means of the
c.f.

ExAMPLE 3.14 (Example 3.6 continued) For the e-contaminated class with § = 1, we
obtain that lim, ,gY (x, (1 —€)x) = oo and therefore there exists @ such that dy (P, Q) =
oo (the proof is the same as in Example 3.3).

ExAMPLE 3.15 (Example 3.7 continued) In the total variation neighbourhood of 7o, it
can be proved that, given 0 < x < ¢, then lim;_o Y (x,t) = 400, so that there exists @,
such that dg (P, Q) = oo.
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4. DISTANCE BETWEEN DISTRIBUTIONS OF PROBABILITIES

Whereas the parametric robust Bayesian approach is often interested in finding upper and
lower bounds on posterior set probabilities and expectations in the parameter space, the
nonparametric approach must deal with the changes in the distribution of probabilities
and expectations in the sample space. In this paper, we focus only on set probabilities,
simply mentioning that ranges of distributions could be found for all random functionals,
e.g., for those for which Cifarelli and Regazzini (1990) have computed the distribution
functions.

LEMMA 4.1 Let 0 < n < (. Then, the function

Jo vt —y)Pdy
Sy yn=i(1 — y)Bn-ldy

Y(n) =
is strictly decreasing in 7.

PROOF Let L(y) = log (y/(1 —y)) and f,(y) = y" (1 —y)?~"". Then,

’

v ()= 2

(Ji Faw)dy)”

x 1 1 x
Zy(x) = /0 L(y)fy(y) dy / fol) dy — / L(y)fy(y) dy /0 foly) dy

For any n € (0, §), it follows that 0Z,(z)/0x = 0 inside (0, 1) at the unique point &, such
that L(2,) = &,L, being 2, a minimum, since Z,(1/2) < Z,(0) = Z,(1) = 0. It follows
that, for all n’s, Z, is negative, except for z = 0,1, so that Y (n) is strictly decreasing in
n. |

with

LEMMA 4.2 Let 0 < 11,12 < B and P and @ be Beta distributions with parameters
(m, 8 —m) and (n2, 8 — 12), respectively, and densities f,, and f,,. Then, the c.f. of Q
w.r.t. P can be computed, for any y € [0, 1], as

x—/fm Jt, ol /fm Vit s > 1,
x—/fnl Jt, ol /fm dt o < 1.

PROOF It can be easily shown that the likelihood ratio is given by

B f 2(9) B 2] N2—"
-2 ()

where K is a constant independent of 6. As h(f) is increasing (decreasing) for ne > m
(n2 < m), it follows, using the same notation as in Section 2, that L, has the form [0, y,]
([yz, 1]), for all = € [0, 1]. n
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We can now consider the distribution function of the probability P(A) of A € A, when
P is chosen from a Dirichlet process. Suppose there exists a baseline process Py with
parameter 19 and a class of processes () with parameters n in I" and ny € I'. We compare
the distributions of P(A) under the processes ) with the one under Py by using their
c.f.’s, as presented in Fortini and Ruggeri (1994). For each x € [0, 1], we look for the lowest
c.f. ¢(x), i.e., for the minimum probability, under the distributions of Q(A), of all subsets
having probability = under the distribution of Py(A).

THEOREM 4.3 Let Q1 and Q)2 be the Dirichlet processes with parameters 71 and 1o,
respectively, such that 71(A) = inf,er n(A) and 92(A) = sup,crn(A). Let ¢; be the c.f. of
Qi(A) wr.t. Py(A), i = 1,2, then, for all x € [0, 1], ¢(x) = min{p;(x), p2(x)}.

PrOOF Consider any 1 € I" such that n(A) > no(A). Let @ be the corresponding Dirichlet
process, then it follows from Lemma 4.2 that the c.f. of Q(A) w.r.t Py(A) is given by

m:/yfng(t)dt and gp(x):/yfn(t)dt.
0 0

From Lemma 4.1, it follows that foy fn(t)dt is decreasing in 7, so that it is minimised by
n2(A). A similar argument can be applied to n’s such that n(A) < ny(A). [ |

EXAMPLE 4.4 Take the e-contaminated class I' = {n = (1 —¢)no + €Q, Q € Mg}, where
Mg is the class of all finite measures @ such that Q(X) = n(X) = (. In this case, Q1
and @2 are such that n1(A) = 0 and n2(A) = [, respectively. It follows from Theorem
2.2 that Q1(A4) = 0 a.s. and Q2(A) = § as., ie., Q1(A4) and Q2(A) are Dirac measures
concentrated at 0 and [, respectively. Therefore, their c.f.’s w.r.t. Py(A) are such that
v1(z) = po(z) = ¢(x) = 0, for all z € [0, 1].

The same ¢ is obtained if we consider the parameters 1 and 7y updated after observing
a sample Z; of size 1 (extension to larger sample is trivial). If Z; € A, then the posterior
Q3(A) is a Dirac measure concentrated at 5+ 1. Otherwise, the posterior Q7 (A) is a Dirac
measure concentrated at 0. In both cases, the corresponding c.f. w.r.t. the updated 7 is
equal to zero everywhere.

ExaMPLE 4.5 Consider all the parameters n = G+, for 8 > 0, with the probability
measure v in the Fréchet class I'(F,G) and, as a baseline parameter, any 1y = vy with
v in T, e.g., the independent one with joint distribution F'(x)G(y). Take the subset
A = (—o00,z] X (—o00,y], then it follows that 1 and Q2 are such that n;(A) = W (z,y)
and n3(A) = BM(z,y). Update n and ny after observing a sample of size n, then the
updated Q% and Q} are such that 75 (A) = (3 + n)W (x,y) and n5(A) = (8 +n)M(z,v).

5. DISTANCE BETWEEN SETS OF PROBABILITY MEASURES

In this section, we compare the probabilities given by a class of Dirichlet processes to some
subspaces of the space P of all the probability measures defined on the space (X,.A). Given
the subsets A € A and B € B, where B is the Borel o-field on [0, 1], consider the subspace
' ={Il € P: TI(A) € B}. Let P be a Dirichlet process on (X,.A) with parameter n, then
the random probability P(A) is beta distributed with parameters (n(A), 5 — n(A4)) and
density f,4). The following result can therefore be easily proved.

THEOREM 5.1 We have that

PO = [ fynfa)da.
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More generally, it is possible to consider a measurable partition Aq,..., A; of X, and
the measurable subsets By, ..., By in B, and define the class

P:{HE’P:H(AZ‘)GBi, i:1,...,k}.

From Definition 2.1, it follows that the joint distribution of the random probabil-
ities (P(A1),...,P(Ag)) is Dirichlet with parameters (n(A4i1),...,n(Ax)) and density
In(Av),...n(A,)- The following result can therefore be easily proved.

THEOREM 5.2 We have that

'P(F) = / fn(Al)y'“:n(Ak)(x17 ... ,xk) dzy ...dzyg.
BiX..xBy

It should be observed that Theorem 5.1 is a special case of Theorem 5.2, when k = 2, but
it has been presented separately to have a handy reference in the forthcoming examples.

Subsets of probability measures can be defined by means of the random functionals con-
sidered by Cifarelli and Regazzini (1990), who provide the distribution M of the random
functional

Yw_/%w(x)P(dx).

We can now consider the class I' = {II € P: Y, € B} and we get

P(T) = /B dM(z). 2)

Consider now a family R of Dirichlet processes, where the parameter n belongs to a
class A. Like in the parametric Bayesian robust analysis, the sensitivity to the changes
in 77 is measured by considering upper and lower bounds on the probabilities of subsets
of the space of all probabilities. In particular, it is possible to consider « in the Fréchet
class I'(F, G), observing that Equation (2) does not apply to such case because it holds
only for measures on R. Because of the nature of the Dirichlet process, it is possible to
define some classes of probability measures II = {P: P(A) € B}, where A € A and B is
a Lebesgue measurable subset in [0, 1]. Similar classes could be defined by asking either
that the random probabilities of a finer partition of X belong to some subset or the ran-
dom functional, considered by Cifarelli and Regazzini (1990), takes value on some subset.
Being P(A) beta distributed, it is easy to compute the probability of II. As in parametric
robustness, it is worthwhile to compute upper and lower bounds on the probability P(II).

As an example, we could take IT = {P: P(A) < z} and the parameter n of the Dirichlet
process in a class I', so that

B Iy y1(A=1(1 — g)f=n(A-1 gy,

P(IT) = .
( ) fOl yU(A)_l(l — y)ﬁ—n(A)_l dy

Applying Lemma 4.1, it follows that upper and lower bounds on P(II) are achieved for
n(A) equal to inf,er n(A) and SUpycr n(A), respectively. Another interesting case is given
by A = (00,y), so that we get a class of random distribution functions {F: F(y) < z}. For
example, for z = 1/2, we have the class of all the distributions whose median is greater
than y. Bounds can be easily computed for the Fréchet class described in Example 4.5,
too.
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6. DISTANCE BETWEEN BAYES ESTIMATORS

In the literature on Bayesian nonparametrics, many Bayes estimators of quantities of
interest have been presented. It could be attractive to investigate how much they change as
the parameter 7 of a Dirichlet process varies in a class I'. This problem can be reduced to a
usual one in parametric robustness. Consider the estimation of the mean and the estimation
of a distribution function, both under squared loss, solved in Ferguson (1973). We consider
the no-sample problem, being similar to the one with data. The Bayes estimator of the
mean is given by f%mda(m) and n could be in most of the classes considered in the
parametric literature, for which methods for computing bounds are well known. As an
example, let the density 1 be bounded within the densities [ and w. Then, the upper
bound on the Bayes estimator is given by 7 = [ on (—o0,z| and 7 = u on (z,00), with
x being determined by 7(R) = n(R). In the Fréchet class about Z = (X,Y), the Bayes
estimators of variance and means of X and Y are constant; see Ruggeri (1994a, Section
4.1.2). We are thus facing the nice situation of having a large class, say I'(F, G), in which
robustness is achieved. Upper and lower bounds on the covariance have been found too in
Ruggeri (1994a, Section 4.1.2).

Following a suggestion in Ruggeri (1994b), it could be checked if the Bayes estimator
of the distribution, say n(—oo,z)/n(R), is within a prespecified band, maybe around a
baseline distribution function. In the Fréchet class, bounds are given by W and M.

7. COMPARING PRIOR AND POSTERIOR DISTANCES

So far, we have measured the distance between quantities of interest, presenting results
which are valid both before and after observing a sample. Now, we want to check if the
sample influences the above distances, e.g., reducing them a posteriori.

First of all, it is worth considering the coefficient of divergence

—o0 ¢

p(n,g)=/[0 )g(t)dHn(t)+ns(@)thm 9(t)

described in Section 2, when applied to compare the distance between a parameter n € I’
and a baseline 7. It follows that prior and posterior distances coincide for most of the
well-known indices (Kullback-Leibler, x2-divergence and Pietra) but not for Gini’s one,
that is for all indices for which g(1) = 0, i.e., which compare probability measures giving
no weight where the two measures coincide.

THEOREM 7.1 Let p(n,g) be the coefficient of divergence of n w.r.t. 779 and p(n*, g) be the

coefficient of divergence of n* w.r.t. 75, updated parameters after observing a sample of
size n. Then, it follows that

p(n*,9) = p(n,g) + ng(1).

PRrooOF Using the notations described in Section 2, we know that
H(y)=n0({0 €0: h(f) <y}) and ¢, = inf{y € R: H(y) > x},
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whereas

and
c(x)=inf{ly e R: H*(y) >z} =1 1, H(l) <z

The result is proved by observing that

7(0) = 17(©) and /

g0 (0) = [ gOdH® +ng(0).
[0,00) [0,00)

Consider now the distance between Dirichlet processes as described in Section 5. As
expected, any sample decreases such a distance. In the following, we suppose that data
come from the “true” distribution 7 and that the support of 77 contains the support of the
parameters of the Dirichlet processes.

THEOREM 7.2 We have that dy(P*,Q*) < dy(P,Q), where P* and Q* are the Dirichlet
processes obtained by updating the processes P and @) after observing a sample of size n.

PROOF We consider a sample of size 1 because the case n is obtained by reiteratively
applying the proof for the case n = 1. We do not consider the case n1(A) = n2(A), which
gives a null distance, both a priori and a posteriori. We prove, first of all, that

Y(m(A) + 02, (A),m2(A) + 62,(A)) > Y (1m(A), n2(A4)),

where Y (1 (A fo \/ Foi(2) () fra(a) (y)dy. Note that, in fact,

Y(m(A) +0z,(A),m(A) +0z,(4)) _ T((m(A) +n2(A))/2+ 62 (A))
Y (m(A),m2(A)) L((n(A) +n2(A4))/2)
D(B+1— (m(A) +1m2(4))/2 —67,(A))
(B — (m(A) +n2(A4))/2)

" L(m1(A)) L(B—m(A)) ['(n2(A))
L(m(A) +62,(A)T(B+1—m(A) —dz(A4)) T(n2(A) + dz,(4))

y I'(8—mn(A))
(B +1—n2(A) —dz,(4)

The above quantity equals

B—(m(A) +m2(A))/2
VB =m(A)(B—m(A)
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when Z; ¢ A and

(m(A) +n2(4))/2
m(A)n2(A))

9

when Z; € A. Both quantities are greater than one if and only if (n;(A) — n2(A4))2 > 0,
which is always true.

To complete the proof, observe that the function Y achieves its infimum a posteriori for
a subset A* such that nj(A*) = x and n*(A*) = ¢(z). Since the prior Y is strictly less
than the posterior one, its prior infimum is lower than the prior Y evaluated at A*, so it is
lower than the posterior infimum. It follows that the distance is strictly decreasing when
a sample is given. [ |

THEOREM 7.3 We have that, a.s.,
lim dy(P,Q) = 0.
n—oo

PRrROOF Given a sample Z; and a subset A € A, then dz,(A) can be seen as a Bernoulli
random variable having mean 7(A), the “true” probability of A (to avoid triviality, we
suppose that 0 < 77(A4) < 1). Because of the strong law of large numbers, it follows that

S92 Gy as,

; n
=1
so that Y " | 0z (A) is unbounded (and similarly n — " ; dz,(A)).

Applying the asymptotic formula presented in Abramowitz and Stegun (1972, p. 257)
given by

D(az + b) ~ V2re % (az)® 12 2 & 0,

it follows that
Y (m(A) + > 62,(A),m2(A) + > 62,(A) ~1 as,
i=1 i=1

completing the proof. [ |

THEOREM 7.4 We have that

dir (P, Q") < dkr.(P,Q),

where P* and Q* are the Dirichlet processes obtained by updating the processes P and @)
after observing a sample of size n.

PrROOF We consider a sample of size 1 because the case n is obtained by reiteratively
applying the proof for the case n = 1. We do not consider the case 171(A) = 12(A), which
gives a null distance, both a priori and a posteriori. We prove, first of all, that

Y (m(A)+02,(A)n2(A)+02,(4)) oY (m(A)m2(A))
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where

1
Y (n(4). ) = [ o) ion (m dy) .

Such inequality is always satisfied because simple computations show that proving it is
equivalent to proving, when Z; ¢ A, that

B 772(2 ()= (4)/(B=m(A)) _ 1

and, when Z; € A, that

M2(A) s (A)=ma()/mi(A)

To complete the proof, observe that the function Y achieves its supremum a posteriori for
a subset A* such that n§(A*) = x and n*(A*) = ¢(z). Since the prior Y is strictly greater
than the posterior one, its prior supremum is greater than the prior Y evaluated at A*. So,
it is greater than the posterior supremum. It follows that the distance is strictly decreasing
whence a sample is given. [ |

THEOREM 7.5 We have that, a.s.,

PRrOOF Like in the proof of Theorem 7.3, we see that
Y(m(A) +Y62,(A),m(A) + ) 62,(4) =o(1) as.
i=1 i=1

Applying both the same asymptotic formula and the following one:

[e o]

1 Bay,
U(z) ~1 S 00
()~ louta) = 5. = 35 = oo
where B,, are the Bernoulli numbers; see Abramowitz and Stegun (1972, p.259). [ |

8. DISCUSSION

In this paper, we have presented some results about performing sensitivity analysis when
the probability measure is chosen by a Dirichlet process, whose parameter is specified with
uncertainty. Further research could deal with different processes, such as Pdlya trees, which
could choose, almost surely, probability measures absolutely continuous with respect to the
Lebesgue measure. Also, different distances between processes could be treated, such as
Prohorov. Finally, the approach taken in this paper could be applied to distributions of
probabilities of finer partitions or random functionals.
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